Given a spectral triple (A, H, D) and a C * -dynamical system (A, G, α) where A is dense in A and G is a locally compact group, we extend the triple to a triplet (A, H, D) on the crossed product G ⋉ α,red A which can be promoted to a modular-type twisted spectral triple within a general procedure exemplified by two cases: the C * -algebra of the affine group and the conformal group acting on a complete Riemannian spin manifold.
Introduction
Let us first describe what is the goal of this work: given a C * -dynamical system (A, G, α) where G is a locally compact group and a spectral triple (A, H, D) where A is a dense * -subalgebra of A, we extend this triple to a new one (A, H, D) on the crossed product G⋉ α,red A within a general procedure of which we give a significant variant later. This construction is based on a covariant representation of the dynamical system and an hypothesis on the response of D to this covariance by a conformal-like deformation where the constraints on the conformal factor are essentially driven by one-cocycles in the multiplier algebra of A, see Hypothesis 2.3. The choice of a dense * -algebra A of G ⋉ α,red A is studied and different possibilities are offered, like the requirement for A to be a Fréchet algebra in order to preserve K-theory. An explicit operator D is given on the Hilbert space H = L 2 (G) ⊗ H ⊗ C 2 where the last C 2 is added to create room for an action of Pauli matrices. What we get is in fact a modular-type spectral triple where the axiom of compact resolvent is modified, see (2.2) .
In a variant version, we assume the existence of a KMS-weight ϕ on A such that H is just the associated GNS Hilbert space. As a compatibility between the dynamical system and the spectral triple, we assume a relative invariance of ϕ, namely that ϕ • α = ϕ(q · q * ) (see Hypothesis 3.1). Here q only needs to be a α-one-cocycle valued in the multiplier algebra of A. Via the unitary representation of G which automatically implements the action α on the von Neumann algebra π ϕ (A) ′′ , the hypothesis on D (see (2.6) below) allows the desired extension which is compatible with modular theory of both the dynamical system and the original triple.
We also consider the extension of a real operator J on the original triple (A, H, D), see Proposition 2.22.
All previous hypotheses stem from two types of examples: the first one are the C * -algebras of semidirect group products, like the affine group involved in the κ-Minkowski deformation, whose symmetry group is a Hopf algebraic deformation of the universal enveloping algebra of the Poincaré Lie algebra (see for instance [18] for historical references). The second ones are the conformal deformations of a manifold.
It is worth mentioning that in the extension process, the operator D is the sum of an extension of the original operator D and an operator (see (2.14) ) which allows an increasing of the original spectral dimension. This object is natural in the C * (G) framework quoted above and known as the Duflo-Moore operator [13, 18] . The natural equivalent context in noncommutative geometry are the modular spectral triples, see for instance [6-8, 19, 20, 24, 26, 32] , but seen in the non-unital case.
The extension problem has already been considered in the literature: we were mainly inspired here by the Connes and Moscovici approaches [12, 27] . However, we differ by our choice of Hilbert space which is justified by the possibility to increase the spectral dimension as already quoted.
Our construction works for any locally compact group G while in [3, 17, 29] , G equals Z or is discrete. However, there, the proposed operator D acts on the same Hilbert space as here (also via Pauli matrices) and build on the original D and a differential operator on the circle (via Fourier transform) which commute (see [3, Equation (6) ]), while our chosen D is strongly dependent of the group and built with non-commutative pieces (namely D and T c 1 , c 2 ). The equicontinuity of the action plays an important role in these works and we outline the fact that for the conformal deformation of a manifold, this "inessential" property of the group (see Section 5.3) is translated into triviality of the first cohomology group of the one-cocycles used for the construction of D, see (2.6) . This paper is organized as follows: in Section 2.1 we expose in details our motivations and give the main result with its proof. The role of the cocycles valued in the multiplier algebra is outlined and different choices for the smooth algebra A in the crossed product are offered, especially in the Fréchet context. In Section 3, we investigate the case where the covariant dynamical system is given by a weight ϕ on A. This weight has an extension to π ϕ (A)
′′ which is used with its dual weight to recover for instance the real structure. The case of interest of an original operator D associated to a derivation of A is also considered. Section 4 is devoted to the special case where A is the C * -algebra of a group, with a peculiar attention to Plancherel weight and its dual. The examples of affine and conformal groups are finally studied in Section 5.
The extended modular-type twisted spectral triple

The motivations and main result
We now enter into the details of the construction giving the motivations through few examples.
By a C * -dynamical system (A, G, α) we mean that A is a C * -algebra, G is a secondcountable locally compact Hausdorff group, with Haar measure µ G and modular function ∆ G , and α : G → Aut(A) is a morphism such that, for any a ∈ A, r ∈ G → α r (a) ∈ A is a continuous map.
By a spectral triple (A, H, D) we mean that A is a (non necessarily unital) * -algebra with a faithful non degenerate representation ρ on a separable Hilbert space H and D is a selfadjoint operator on H such that [D, ρ(a) ] are densely defined and bounded and ρ(a)(1 + D 2 ) −1/2 is a compact operator for any a ∈ A. (2.1)
Let us now consider a spectral triple (A, H, D), hereafter called the "original" one, where A is a dense * -subalgebra of the C * -algebra A of the given dynamical system (A, G, α). The purpose of the following construction is to define an extension of the original triple into a (modular type) spectral triple defined at the level of the C * -crossed product G ⋉ α,red A. This construction actually leads to a twisted spectral triple (A, H, D, β) where β is an automorphism of A. Recall that in such a triple, β is an automorphism of A and π is a representation of A on H such that the unitarity condition β(a * ) = [β −1 (a)] * holds true for a ∈ A, and the twisted commutator [D, π(a)] β := Dπ(a) − π[β(a)]D extends to a bounded operator for any a ∈ A, see [12] .
A twisted spectral triple (A, H, D, β) will be said of modular-type when the twist is implemented by an unbounded positive operator Θ on H: For the crossed product, the space C c (G, A), of compactly supported continuous functions G → A, is a * -algebra for the associative product and the involution
3)
where on the right hand side the involution is the one in A. We want to keep track of the representation of the original triple, but the vector space C c (G, A) is not a good candidate for a dense * -subalgebra in G ⋉ α,red A, since it is not an algebra a priori: the integral (2.3) is defined by duality (it commutes with elements in the dual) and for any continuous function h : G → A, the result of G dµ G (r) h(r) is in µ G (Supp h) × co(h(G)) where co(K) is the closed convex hull of a compact space K), which is not necessary in A (see [33, 3.27 Theorem] or [37, Section 1.5] ). If we insist that C c (G, A) becomes an algebra, we have to assume some extra conditions: the automorphisms α r preserves A, the algebra A is endowed with a completely metrizable locally convex topology [1, 5.35 Theorem] , and α is compatible with this topology in a certain sense, see Section 2.3 for details. In the special case of a transformation group (G, X) where X is a topological space and A = C c (X), then, a good candidate is A = C c (G × X) ⊂ C c (G, C c (X)) (remark that the inclusion can be strict, see [37, Remark 2.32] ).
In the following, we will only assume the existence of a "good" algebra A inside C c (G, A): in the several examples studied in this paper, natural candidates for such algebras will be given, see Sections 5.1 and 5.3.
We need also to introduce some compatibility conditions between the given dynamical system and the spectral triple, with in mind the following precise examples which motivate our Hypothesis 2.3 below.
is the C * -algebra of a locally compact group N on which G acts, so that the extended spectral triple concerns the
For instance, the affine group R ⋉ R, considered in [18, 25] , enters in this case: R acts on A = C * (R) and our construction is such that it produces the twisted spectral triple proposed in [25] , see Section 5.1. Since this case is also a transformation group, we besides consider 
A related twisted spectral triple was investigated in [27] for this situation, but here, we do not take only the discrete crossed product of G and M as in [27] Our construction relies on the following data.
Hypothesis 2.3
(1) (A, H, D) is a spectral triple where A is a dense * -subalgebra in a C * -algebra A.
(2) (A, G, α) is a C * -dynamical system, such that α r (A) = A for any r ∈ G. (3) There exists an algebra A ⊂ C c (G, A) which is a dense * -subalgebra of C c (G, A) for the product (2.3) and the involution (2.4). (4) There exists a faithful non-degenerate covariant representation (ρ, U, H) of the C * -dynamical system (A, G, α), namely r ∈ G → U r ∈ B(H) is a strongly continuous unitary representation of G, and
(2.5)
have a dense common core for any r and on this core
and there is a (positive) continuous
where χ S f is the characteristic function of the compact support S f of f in G.
Equation (2.6) does not completely define
is also a solution of (2.6) while
. The main points of our construction are the followings: -The Hilbert space is
for any ξ ∈ H and a ∈ A, and let λ G be the left regular
is a covariant representation of (A, G, α), and we denote by ρ := λ G ⋉ ρ α its integrated representation, given explicitly by
This representation restricts to a * -representation of A. The crossed product G ⋉ α,red A is the norm closure of ρ(C c (G, A)) in B( H), and by density of A, it is also the norm closure of ρ(A).
We will show in Proposition 2.19 that the map β defined by
is an automorphism of C c (G, A) satisfying
In fact, β is also an automorphism of A.
-Let D be the unbounded operator defined on H by
) D is bounded for any f ∈ A as shown in Proposition 2.20.
-The last important object is the unbounded operator defined on H by
where c 1 , c 2 ∈ R with c 2 = 0 are arbitrary real parameters. This operator has also bounded twisted commutator with ρ(f ) (see Proposition 2.21).
Let us now define the ingredients of our modular-type β-twisted spectral triple (A, H, D): 
or its corollary).
While the hypothesis (2.8) is sufficient to get a bounded twisted commutator, we cannot expect it is also sufficient to get (2.2) and we need more information, for instance the convergence of an integral like in Proposition 2.8 for c = s = 1.
Lemma 2.5
Despite the fact that Θ can be an unbounded operator,
In particular,
Remark 2.6 Our construction differs from [3, 17, 29] : for r ∈ G, the difference U r D U * r − D does not extend a priori to a bounded operator. If for instance G is discrete and z(r) = ϑ(r) 1, with ϑ : G → C × a group homomorphism (see Section 5.2 for an example), this difference is equal to (|ϑ(r)| −2 − 1) D which is unbounded for each r not in the kernel of ϑ. So we are not dealing with an unbounded equivariant Kasparov module defining a class in KK G 1 (A, C).
About the spectral dimension
The change of Hilbert space H → H is quite important in this construction. We have supposed in Hypothesis 2.3 that (ρ, U, H) is a covariant representation of (A, G, α), so that it is possible to consider the integrated representation
Then the original operator D acts on H and we have 
to measure the possible influence of the action of G on the original spectral dimension of (A, H, D). Recall that for a finitely summable triple (A, H, D), the spectral dimension is defined by (see [9] ) ( 
so, using (2.13) and (2.5),
for any positive operator X and s > 0, one gets,
Given c > 0 and s ≥ 1, it is sufficient to prove the compactness of θ
where 
, and
This gives
Thus, if (2.19) holds true, the last integral converges and using Lemma 2.7, one concludes that
is compact, so one can take a = 1 and forget about ρ(f ) in the above arguments. So the kernel K c,s (r, r ′ ) in (2.20) is now diagonal and there is no need of the support of f to cancel one of the two integrals in (2.21).
Remark that the compactness of Θ
and the infimum of all admissible a's is zero. We will see an example in Proposition 5. Proof By hypothesis, the operator
is compact for any c > 0 by an application of Proposition 2.8 and this gives the result since π(f ) and (1 + D 2 ) −1/2 are bounded while the term in bracket, which is bounded by Lemma 2.5, goes to 1 when c → 0.
When [Θ, D] = 0, which will be the case in Section 2.6, then
is a positive invertible operator, which is bounded as already seen in Lemma 2.5.
By construction, Θ is derived from the cocycle p = zz * , see (2.10), which defines the automorphism β by (2.11) and z is the answer of α to the covariant representation, see (2.5) . For c > 0, the operator Θ c is not necessarily derived by this procedure from an action α c of G on A: only the case c = 1 is important algebraically.
On the choice of A
In [34] , several constructions of smooth dense subalgebras of a C * -crossed product are exhibited. We recall here some of them, and outline their importance for our construction.
Let A be a Fréchet space with a topology given by an increasing family of semi-norms m , m ∈ N. When A has an algebra structure, A is said to be a Fréchet * -algebra if the multiplication is continuous (so is automatically jointly continuous) and the involution is also continuous. The algebra is m-convex when the semi-norms m are submultiplicative. The action α : r ∈ G → α r ∈ Aut(A) of a topological group G on A is continuous if, for any a ∈ A, r ∈ G → α r (a) is continuous for each semi-norm m , m ∈ N. A scale on G is a continuous map w : G → [0, ∞) (in [34] , w is only assumed to be a Borel map which is bounded on compact subsets of G). The scale w is sub-polynomial if there exists c > 0
Lemma 2.10
Let A be a Fréchet * -algebra endowed with a * -preserving continuous action α of a locally compact group G which is w-tempered for a scale w on G. Then C c (G, A) is a * -algebra for the convolution product (2.3) and involution (2.4). ) , and so of G ⋉ α,red A.
Moreover, if the inclusion A ֒→ A is continuous and A is dense in
When the hypotheses of the lemma are satisfied, the algebra A = C c (G, A) is a good candidate to enter into the modular-type β-twisted spectral triple of Theorem 2.4.
Proof First, notice that the map (r, a) ∈ G × A → α r (a) ∈ A is continuous:
and, as r ′ → r and a ′ → a, these terms go to 0 since w is continuous, and r → α r (a) is continuous for each semi-norm.
Let
is A-valued and has a compact support since it is included in the support of f . Since, for any r ∈ G, the map r
is continuous by continuity of r ′ → g(r ′−1 r) and continuity of (r, a) → α r (a), the map r [33, 3. 27 Theorem] or [37, Section 1.5]) and A is a completely metrizable locally convex space [1, 5.35 Theorem] . The support of f ⋆ α g is included in the product in G of the supports of f and g, so is compact.
Thus it remains to show that the map r ∈ G → f ⋆ α g(r) is continuous. For any m ∈ N and any s, r ∈ G,
Let K be a compact neighborhood of r: as s → r, we may suppose that s ∈ K, and then χ Sg (r
, and the integral (2.22) is dominated by 2c
Since the integrand is continuous in r, by dominated convergence this yields that f ⋆ α g is a continuous function from G to the Fréchet space A, so is in C c (G, A).
Moreover, to prove that f * (which has a compact support and is A-valued) is continuous, notice that α preserves the involution and that r → α r [f (r An important desired property for the smooth algebra A in the C * -algebra A is its spectral invariance since the two algebras will have the same K-theory, see [35] for sufficient conditions.
Cocycles considerations
We gather here some facts about cocycles, which are essential in our construction. Some properties established here will be used in other sections.
Definition 2.12 For a subgroup
This cocycle relation implies that
and α r [c(r ′ )] ∈ X for all r, r ′ . The kernel of c is a subgroup of G and if the action α is trivial,
The role of X and the fact that α preserves X or not can be made clear. If X ′ is the subgroup of X generated by the c(r), r ∈ G, remark that (2.24) only implies that α r (X ′ ) = X ′ but not necessarily that α r (X) ⊂ X. For instance, we will use later
and a ∈ A, we get
so the first equality proves α r (c) a ∈ A since by hypothesis α r −1 (a) ∈ A, and moreover that α r (c) commutes with A. 
Lemma 2.13 We have Z(A)
is an abelian group stable by adjoint and polar decomposition.
Proof The abelianness of Z(A)
It is obvious that r → 1 ∈ M(A) is the unit for the product and that c −1 is the inverse of c, so
On the other hand,
and c z is a one-cocycle.
is a positive onecocycle, and u := c |c| −1 is also a one-cocycle, which is unitary because [c, |c|
Lemma 2.14 Let c be in
(r) ∈ M(A) is continuous for any a ∈ A (for the strict topology). (ii) The same conclusion holds for any continuous
so we get the continuity of r ∈ G → α r (a) c(r) b from the continuities of α and c. Moreover, thanks to (2.24),
and we get the continuity of r
and conclude as in the first part of the proof of (i).
In some examples that will be given in Sections 4 and 5, some cocycles will be of the form c(r) = γ(r) 1 where 1 is the unit in M(A) and γ : G → R × + is a continuous morphism of groups. This is why in Section 2.6 we specify the construction for this situation.
Remark 2.15 (The cohomology class of a cocycle) Two cocycles c, c
The onecocycle z is a coboundary if it is cohomologous to the trivial cocycle c(r) = 1 for all r ∈ G. Now define the two cohomology multiplicative groups
′ is not necessarily a multiple of 1, so that the class of c in H 1 (G, X) may contain cocycles not multiple of 1. Some cohomological aspects of the construction will be exemplify in Proposition 5.8.
When the group G is compact, the cocycles are trivial in some generic situations:
Lemma 2.16 Let X ⊂ M(A) be a cone which is a quasi-complete topological space, and
X + := X ∩ M(A) × + . Let α be an action of G on X such that α r : X → X is continuous for any r ∈ G, and let c ∈ Z 1 (G, X + ) be a α-one-cocycle.
Then this cocycle c is trivial when G is compact.
Proof Since X is quasi-complete, X is a cone, integration preserves positivity, and c −1 is continuous, one has b :
and b is invertible since a bounded positive operator x is invertible if and only if x ≥ ǫ 1 for ǫ > 0. Then, by continuity of α r ,
and c(r
Two actions α and α ′ of G on A are said to be exterior equivalent [30, 8.11.3] if there exists a continuous one-cocycle
* for any a ∈ A and r ∈ G. Then the crossed product C * -algebras G ⋉ α A and G ⋉ α ′ A are isomorphic as well as the reduced ones. This isomorphism is induced by the morphism of * -algebras ϕ :
is the vector space C c (G, A) equipped with the product (2.3) and the involution (2.4) for α (resp. α ′ ) [37, Lemma 2.68].
Proposition 2.17 Suppose that Hypothesis 2.3 is satisfied and produces the modular-type
U r for r ∈ G which is still a unitary representation, and (2.6) is satisfied for the same operator D with z 
Secondly, in the case of the conformal group exposed in Section 5.3, this situation means that the group G is inessential in the terminology of conformal groups (see Proposition 5.8).
Proof By assumption, there exists a positive
* and its unitary implementation U ′ r = u(r) U r as in Proposition 2.17. Then, omitting the ρ's,
The proof of main result
We first show that β defines an automorphism of A and then that the β-twisted commutators with D and T c 1 ,c 2 are bounded.
and which is implemented on the Hilbert space H by the operator θ of (2.10):
Moreover, β reduces to an automorphism of A.
A priori, β does not extend to an automorphism of G ⋉ α,red A as seen in the affine case, see Section 5.1.1.
Proof Let us first show that β is an automorphism. For any f, g ∈ C c (G, A), one has
This proves the implementation. By hypothesis r → p(r)f (r) is in A for f ∈ A, so β reduces to an automorphism of A.
Proposition 2.20 For any
Proof For any f ∈ A ⊂ C c (G, A) and ξ ∈ C c (G, H), one has (forgetting the writing of few ρ's)
On the other hand, using successively (2.5) and (2.6),
Then, using equation (2.8) of Hypothesis 2.3,
Using the Hölder inequality (
This proves that [ D, ρ(f )] β is a bounded operator on Dom( D ).
Proposition 2.21
For any f ∈ A, we have (2.27) so this twisted commutator is a bounded operator.
and this is bounded for n = 0, 1.
This ends the proof of Theorem 2.4.
The special case z(r) = ϑ(r) 1
This section is motivated by the scaling automorphisms considered for instance in [27] and our example of the affine group in Sections 5.1 and 5.2.
We suppose that the Hypothesis 2.3 are satisfied and assume moreover that z(r) = ϑ(r) 1, with ϑ(r) ∈ C × for any r ∈ G. This assumption permits to get new results. The one-cocycle p is then given by p(r) = |ϑ(r)| 2 1, where r → |ϑ(r)| 2 is a continuous group morphism. We identify 1 ∈ B(H) and 1 ∈ M(A) and we omit few ρ's.
Since Dz(r) = z(r)D, we get from (2.6)
The constraint (2.28) has some implication: if (A, H, D) is a unital spectral triple, then D has a discrete spectrum and when λ is a non-zero eigenvalue of D, the continuous map r ∈ G → |ϑ(r)| 2 λ ∈ Spectrum(D) has a discrete image. This implies that ϑ is constant on the connected components of G. Moreover, equation (2.28) implies that (2.13) simplifies to
and, since ( θ ξ )(r) = |ϑ(r)| 2 ξ(r),
In particular, D and T c 1 , c 2 commute. From (2.26), one gets Then the conjugate-linear isometry
defines a reality operator J := J ⊗ 1 for the modular-type β-twisted spectral triple (A, π, D) , which satisfies, for f, g ∈ A,
where Θ is defined in (2.16) and π
so that J is a conjugate-linear isometry. One has
On the one hand, for ξ ∈ C c (G, Dom(D))
and on the other hand,
Let us use the notation ρ • (g) := J ρ(g) J for any g ∈ C c (G, A). Then one has successively (omitting some ρ's)
The hypothesis [ρ(a), Jρ(b)J] = 0 on the original triple, with a = α r −1 (f (r ′ )) and b = g(r ′′ ), shows that the last two relations are equal, so that
• (g)] = 0 by the previous relation. Using (2.29) , 
Using the fact that θ, D and T c 1 , c 2 commute, one has
is the function with values in B( H ) given by
K L(c,s,f ) (r, r ′ ) := |ϑ(r)| 2c |ϑ(r ′ )| −2s ∆ G (r ′ ) −1 α r −1 [f (rr ′−1 )] [D 2 + t(r ′ )] −s/2 .
Thus the trace of L(c, s, f ) is
Tr H L(c, s, f ) = G dµ G (r) |ϑ(r)| 2c−2s ∆ G (r) −1 Tr H α r −1 [f (e G )] [D 2 + t(r)] −s/2 .
Remark 2.24 (About the kernel of ϑ)
If the kernel K of ϑ is such that the µ G (K) is infinite, so either replace the group G by the group G/K or add to T θ a Dirac-like operator D K which is sensitive to the space K (for instance using derivations along K), in order that the modified integral in (2.30) is well-behaved in the directions of K so that the dimension of K is taken into account at the end. This point is not be further developed here.
A construction via a relatively invariant weight
In this Section, we propose a variant to Hypothesis 2.3, where the representation ρ stems from a GNS construction based on a weight ϕ on which a part of the hypotheses are reported.
Hypothesis 3.1 (1) (A, H, D) is a spectral triple where
A is a dense * -subalgebra in a C * -algebra A, and such that the representation ρ of A on H is the GNS representation π ϕ of A on H = H ϕ for a weight ϕ on A which is faithful lower semi-continuous and densely defined (thus semifinite and the GNS representation is faithful and nondegenerate).
(2) The weight ϕ is KMS with respect to a (necessarily unique) norm continuous oneparameter group σ, which means (see [22] ):
Let (A, G, α) be a C * -dynamical system, such that α r (A) = A for any r ∈ G. (3) The weight ϕ and the action α of G are related by
where q is a one-cocycle in 
The unitary representation of G based on a weight
Let us give some general notations related to these structures. As usual we define
left ideal in the multiplier algebra M(A).
The GNS construction defines a linear injective map Λ ϕ : N ϕ → H, for which Λ ϕ (N ϕ ) is a dense subset of H, such that π ϕ (a) Λ ϕ (b) = Λ ϕ (ab) for any a ∈ A, b ∈ N ϕ , and one has
There is a antiunitary operator J defined by J Λ ϕ (a) = Λ ϕ [σ i/2 (a) * ] for a ∈ N ϕ ∩ Dom(σ i/2 ) (and extended to H) and a strictly positive operator ∆ on H such that
To avoid cumbersome notations, we identify from times to times a ∈ N ϕ with its image ξ := Λ ϕ (a) ∈ H. In particular, one uses the notation α r (ξ) for any ξ ∈ N ϕ ⊂ H. In the same way, the representation π ϕ can be written π ϕ (a) ξ = a ξ for any a ∈ A and ξ ∈ N ϕ .
Proposition 3.2 Suppose Hypothesis 3.1 is satisfied. Then for r ∈ G and a ∈ N ϕ , the operator defined by
U r Λ ϕ [a] := Λ ϕ [α r (a) q(r) * ] (3.2)
extends to a strongly continuous unitary representation of G on H which implements the action α on M(A) (and so on A):
Proof To show that (3.2) is well-defined, one first need to show that for any a ∈ N ϕ and r ∈ G, one has α r (a) q(r) * ∈ N ϕ :
Then, for any ξ = Λ ϕ (a), this computation gives
so that U r extends to a unitary operator. Since q is a cocycle, one has, for any r 1 , r 2 ∈ G and a ∈ N ϕ ,
and r → U r is a representation of G. 
The extension α to M(A) is characterized by
For ω ∈ G ϕ , a, b ∈ N ϕ , and r ∈ G, we have
Thus the continuity of the map r ∈ G → U r Λ ϕ (a), T ω Λ ϕ (b) follows from the continuity of ω and α, the continuity of r → q(r −1 ) −1 a * by hypothesis and the following
Since U r = 1, we deduce by the ǫ/3 arguments
that the map r ∈ G → U r η, η ′ is also continuous for any η, η ′ ∈ H yielding the weak continuity of the unitary representation U, so its strong continuity.
The map Λ ϕ induces a linear injection Λ
can be seen as a dense subspace of H and, for any 
The last proposition shows that
Corollary 3.4 Assume that hypotheses 3.1, 2.3-(3), 2.3-(5) and 2.3-(6) are satisfied for the representation U of Proposition 3.2. Then the conclusion of Theorem 2.4 is valid.
The dual weight
There exists a faithful normal semifinite weight ϕ on the von Neumann algebra M := π ϕ (A) ′′ such that ϕ • π ϕ = ϕ and a unique strongly continuous one-parameter modular groupσ t of the weight ϕ which satisfiesσ
it Λ ϕ (x) for t ∈ R and x ∈ N ϕ , see [22] . The action α has an extension α which defines a covariant W * -system (M, G, α) namely, α is a strongly continuous action α of G on M with
The crossed product von Neumann algebra G ⋉ α M is defined as the von Neumann algebra generated by M and
In order to define the dual weight ϕ of ϕ on G ⋉ α M, we follow [36, Chap. X]. There, the von Neumann crossed product algebra is defined using another convention. Let C c (G, M) be the space of σ-strong * continuous functions G → M. Then one defines on C c (G, M) a product and involution [36, X.1. (15)]
for any x, y ∈ C c (G, M). Equipped with this product and involution, this involutive algebra is denoted by
The linear map Λ ϕ : B ϕ → H defined by
) is dense in H. For x ∈ C c (G, M) * and y ∈ B ϕ , we define the representation [36, X.1. (24)] 
where J is the conjugate linear involutive isometry associated to the GNS representation π ϕ of M on H ϕ . This is the expression given in Proposition 2.22, but there we did not suppose that J was given by the modular theory on the original spectral triple. In 4.2, in the specific case of a group G acting on a group N, we will explicitly give a unitary correspondence between the representation π ϕ of G ⋉ α A on H and the GNS representation π ϕ on H ϕ associated to the dual weight ϕ.
Derivations and twisted derivations
The existence of the unitary representation in Hypothesis 2.3-(5) is a consequence of Hypothesis 3.1, but, to fulfill Hypothesis 2.3, one also has to assume Hypothesis 2.3-(5) and 2.3-(6). Here, we consider another hypothesis which can replace Hypothesis 2.3-(5) and 2.3-(6).
The relation (2.6) is a compatibility condition between D, the action of G, and the cocycle z. It is of the same kind as the second relation in [27, eq. (4.1)]. Another equivalent relation can be assumed (see (3.7) below), when in the triple (A, H, D) , D is based on derivations on A. We begin with some remarks on the twisting of derivations using cocycles. 
Lemma 3.5 We assume that
is a β-twisted derivations on A, where β is defined as in (2.11).
Notice that r → c(r)f (r) is in A for any f ∈ A, so that δ c f ∈ A.
Proof One has
and, using α r ′ (c(r
With the simplified notations
, c := c(r) and c ′ := c(r ′ ), the integrand in the sum of the last two expressions is
which is the integrand for
This twisting of derivations by cocycles is related to [14, 15] . When c(r) = ϑ(r) 1 (see Section 2.6), this twisted derivation reduces to
(3.9)
Let us now consider the situation of Hypothesis 3.1, with the supplementary assumption:
Lemma 3.6 Assume that D is defined on the dense subspace A ⊂ H by a derivation δ on A, Dξ = δξ, for ξ ∈ A, and assume that hypotheses of Lemma 3.5 are satisfied for the cocycles p and c(r) = q(r) * , where q satisfies also Hypothesis 3.1-(3). Then
Proof For any f ∈ A = C c (G, A) and ξ ∈ C c (G, A) ⊂ H, one has, omitting ρ,
This result gives a natural D associated to a derivation. If there are several derivations on A, we can use the gamma matrices as in (2.15) but in appropriate dimension to define D.
C * -algebra of a semidirect product of groups
In this section, G and N are locally compact second countable Hausdorff groups with an action ς : G → Aut(N) such that (r, n) → ς r (n) is continuous from G × N to N. Denote by µ G and µ N the Haar measures on G and N respectively, and by ∆ G and ∆ N their modular functions.
We are interested into applying our construction to the action of G on C * red (N). In that case, the final modular-type twisted spectral triple is a spectral triple on the C * -algebra of the semidirect product K := G ⋉ ς N. We suppose that the original spectral triple is given by (
, and for an operator D not specified here.
The crossed products
The space A N := C c (N) of compactly supported functions on N is a * -algebra for the product and the involution given for
According to [37, Section 3.3] , there exists a continuous homomorphism ν :
The continuous action of G on N induces a C * -dynamical system (A, G, α) where the continuous morphism α : G → Aut(A) is given by
(see [37, Prop 3.11] with A = C and β = Id). To show that α r is an automorphism of the * -algebra A N requires the relation
which we suppose to hold. The relation (4.2) reflects an invariance of the Haar measure of N by the action of G on A N :
Following the construction exposed in Section 2.1, the extended spectral triple is defined on the Hilbert space
and the representation of C c (G, A) on H is given by
for any f ∈ C c (G, A) and ξ ∈ H, and H) . By completion, the representation ρ of C c (G, A) defines the crossed product C * -algebra G ⋉ α,red A. We equip A N ⊂ A with the induced topology of A. It is a dense * -subalgebra of A. The vector space C c (G, C c (N)) is dense in C c (G, A) , but the product f ⋆ α g defined by (2.3) of any elements f, g ∈ C c (G, C c (N)) is not necessary in C c (G, C c (N)). As an element in C c (G, A), this product is given by the double integral 6) and the involution of
There is a natural isomorphism C * [37, Prop. 3 .11]) which permits to consider another description of the Hilbert space on which the modular-type twisted spectral triple of Theorem 2.4 is defined. Moreover, describing this isomorphism at the level of the spaces C c (G ⋉ ς N) and C c (G, C c (N)) will produce a natural candidate for the algebra A ⊂ C c (G, C c (N) ). This description will also be used in 5.1.
Let K := G ⋉ ς N be the semidirect product group, with elements (r, n)
, unit e K = (e G , e N ), and inverse (r, n)
and its modular function is
while the involution of f K ∈ A K is nothing else but
The algebra C *
The products ⋆ K and ⋆ α defined in (4.8) and (4.6) respectively are formally the same, while the corresponding involutions, defined in (4.9) and (4.7), are not the same but nevertheless, there is an isomorphism Φ : C * red (K) → G ⋉ α,red C * red (N) which is induced by the map (also denoted by) Φ :
which relates the equations (4.8) and (4.6) (resp. (4.9) and (4.7)). Notice that one has to prove that r
is continuous: this can be easily performed using the norm topology on L 1 (N, dµ N ). There is a corresponding unitary operator W :
The relations between the algebras C * red (K), G ⋉ α,red C * red (N) and their representations can be summarized in the commutative diagram
where the last column will be described in Section 4.2.
Notice that the composite unitary operator V W :
which is the same expression as the one defining Φ. The space
is a dense * -subalgebra in G ⋉ α,red C * red (N), and it is a good candidate to enter into the construction of the spectral triple of Theorem 2.4. By construction, A is the subspace of functions in C c (G, C c (N)) which are continuous in both variables.
Remark that the existence of a finitely summable spectral triple on a group C * -algebra is not guaranteed: Connes proved in [11] that, for an infinite discrete nonamenable group N, there exist no finitely summable spectral triples on A = C * red (N). However, there still exist θ-summable spectral triples on A, that is, there exists t 0 ≥ 0 such that Tr e −tD 2 < ∞ for all t > t 0 .
The construction presented here can also be used to transport the extended modular-type twisted spectral triple of Theorem 2.4 defined on a crossed product C * -algebra, to a spectral triple on a group C * -algebra. This will be done in Section 5.1.3 in order to compare our extension with a spectral triple already proposed for the affine group.
The Plancherel weight and its dual weight
For any locally compact group N, the Plancherel weight is defined on positive elements of the von Neumann algebra C * red (N)
′′ generated by the left regular representation λ N of N by
. This weight is faithful and semifinite on C *
. This is a densely defined lower-semicontinuous weight on C * red (N) and because
its GNS construction produces the Hilbert space L 2 (N, dµ N ) and the associated non-degenerate representation is the faithful left regular representation λ N of C * red (N). The Plancherel weight is a KMS-weight for the automorphism
Proposition 4.1 For any f N ∈ A N and r ∈ G, one has
Moreover, σ N and α r commute for r ∈ G.
In other words, Hypothesis 3.1 is satisfied for the one-cocycle q 2 (r) := ν(r) 1 where 1 is the unit in M(A).
Proof The first relation follows from (4.3). The assumption (4.4) implies that σ N defined in (4.13) and α r commute for any r ∈ G. Finally, q is a one-cocycle since ν : G → R × + is a morphism of groups.
The invertible conjugate-linear isometry 
The GNS construction for ϕ N produces the Hilbert space of square integrable functions on G × N for the measure (r, n) → dµ GNS (r, n) := ν(r) dµ G (r) dµ N (n) and the associated representation is
This representation ρ GNS is unitarily equivalent to the representation ρ via the unitary equiv-
which is the extension of v to the respective Hilbert spaces. This corresponds to the last column of (4.11).
Examples
The affine group R ⋉ R
We now show that the affine group K = R⋉R is an illustrative example of the above situation and how a spectral triple on C * (R) can be extended to a modular-type twisted spectral triple on C * (K), which coincides with the one defined in [25] .
General considerations
The group G := R acts on N := R by ς a (b) := e −a b for any a, b ∈ R. This defines the product
on K := R ⋉ R. Following 4.1, a direct computation shows that ν(a) = e −a , so that the modular function of R ⋉ R is ∆ K (a, b) = e a . The original spectral triple we consider is described by the following elements: -A := C c (R) is a * -dense subalgebra (for the convolution product) of A := C * (R), -H := L 2 (R, db), -ρ := λ R is the left regular representation of R which induces the convolution product given in (4.1),
-D is the unbounded operator
by Fourier transform, where R is the Pontryagin dual of R, D becomes the differential operator −i∂b.
The spectral triple (A, H, D) is non unital, and ρ is the GNS representation π ϕ of the Plancherel weight ϕ(f R ) := f R (0) defined for any f R ∈ A.
The action (4.
and the representation (4. and, since ( θ ξ )(a) = e −a ξ(a),
Possible choices for A
The Hypothesis 2.3 requires the existence of an algebra A for the construction of the spectral triple described in Theorem 2.4. Here we present three possible algebras, which are related by inclusion, from the smallest one to the largest one, and which are dense * -subalgebras of R ⋉ α,red C * red (R).
• Since the present situation enters into the description of Section 4.1, we can consider the algebra (4.12) : this corresponds to take A = C c (R) for the original spectral triple (as described before), (2.7) is trivially satisfied, and, considering (5.1), one can take
to satisfy (2.8) for any f ∈ A 1 , where S f = Supp(f ). So we get the conclusion of Theorem 2.4, postponing the compactness of the resolvent to Proposition (5.1).
• The original spectral triple (A, H, D) can also be given using a Fréchet * -algebra described as follows. For any b ∈ R, let σ(b) := 1 + |b| be a m-sub-polynomial scale on R (a weight in fact). Following [34] , we define L 
The hypotheses of Lemma 2.10 are satisfied, so consider
. Then (2.7) holds true since functions in A 2 are compactly supported along the variable a, (2.8) is satisfied for any f ∈ A 2 with M f,z := sup
). Again, we get the conclusion of Theorem Theorem 2.4 for this algebra.
• Since w − = w, the construction presented in Remark 2.11 leads to a m-convex Fréchet [34, Theorem 3.1.7] . We denote by
the family of semi-norms which topologizes A 3 . Note that A 3 is not included into C c (R, A), so it does not satisfies all the requirements in Hypothesis 2.3 and we cannot apply Theorem 2.4, but nevertheless we now show that we can proceed directly. From the general theory, one has
This shows that the inclusion A 3 → R ⋉ α,red C * red (R) is continuous. Following the same line of computations as in the proof of Proposition 2.20, one gets
This shows that the twisted commutators [D, π(f )] β are bounded for f ∈ A 3 so (A 3 , H, D) is a modular-type β-twisted spectral triple. The algebra A 3 , in particular the behavior of its functions at infinity in the a and b directions (governed by w and σ), is perfectly adapted to the Dirac operator D proposed in Theorem 2.4.
The extended triple
The Hypothesis 3.1 is automatically satisfied, as proved in Proposition 4.1, for the one-cocycle
Of course a ∈ R → q(a) = e −a/2 is continuous, so q is not only in
. The constraints (2.19)with c = 0 is never satisfied:
Moreover, the constraint (2.19) holds true for 0 < c < 1 and s > 1 since
and the last integral converges, while it diverges for c = 0 and any s or for s = 1 and any ǫ.
−s/2 is a compact operator for s > 1 by Proposition 2.8 as seen above. So, when s ↓ 1, the operator A(1) is also compact because
The modular spectral triple introduced in [25] on the κ-Minkowski space is defined on the Hilbert space
obtained from the Plancherel weight on K = R ⋉ R. This corresponds to the first column in (4.11), while here, the modular-type twisted spectral triple is constructed on the middle column. Let us use the corresponding unitary equivalence W to compare these two spectral triples: [25, Theorem 25] , and this real structure is the one described in [25, Proposition 34] . As seen in Section 3.2, this is the natural reality operator defined in this context. This twisted spectral triple is a modular spectral triples as in [19, Definition 5 .1] except it is non unital, so condition (6) is cancelled, where the corresponding notations are:
−s/2 is never trace-class for any s > 0 [25] . Thus this twisted affine triple is not finitely summable. Since the spectral dimension of a non unital modular spectral triple is not yet well settled, we use the following notion of modular dimension in our example
While the modular spectral triple given in [18] was only 1-summable, here the dimension increases: 
Proof The operator under the trace can be shown to be trace-class using same arguments as in the proof of [25, Theorem 30] . Thanks to (2.31), its trace is equal to 2 Tr L(1, s, f ) and we have to compute the integral in (2.30), which is
The operator
, we see that the spectral dimension of the spectral triple is 2 and that lim
Proposition 5. 4 We have π(f
Proof We first show that for any g ∈ A
The integral of (2.30) gives
we get
where the first integral converges for any s ≥ 2, so that lim s↓2 
Note that G is an injective positive operator since D and Θ commutes and G ≤ c −1 2 1 and we can apply [9] after a renormalisation of G. Thus, we get that π(f ) is in the algebra
So the Dixmier trace of Θ π(f ) (1 + D 2 ) −1 appears to be proportional to the dual weight ϕ R (f ) of f exactly as in the unital case, see for instance [8] .
Remark 5.5 As quoted in Section 2.2, we compute now the spectral dimension of our twisted affine triple represented on H and not on H. We have
where
Since in (5.5), f has a compact support in both variables a and b, the above integral always converges except eventually around a = 0: assume that a
for s > 1.
Thus the trace is finite for s > 1 and the dimension (2.18) of the twisted spectral triple remains the same than those of the original triple which is one.
The group Z ⋉ R
This example is a variation of the previous one, in the sense that the group G which acts on R is taken to be G = Z, and the action is the restriction of the previous action ϕ to the subgroup Z ⊂ R. Many of the features of the previous example are present in this simpler example, for instance the increase in dimension.
The action of n ∈ Z on x ∈ R is ς n (x) := e −n x, the homomorphism of groups defined in (4.2) is ν(n) := e −n , it coincides with q(n) 2 , and the action of Z on C * (R) is given on any f R ∈ C c (R) as α n (f R )(x) = e n f (e n x). The unitary operator (3.2) is (U n ξ)(x) = e n/2 ξ(e n x) for any ξ ∈ C c (R) ⊂ H = L 2 (R, dx). Consider, as before, the Dirac operator (D ξ)(x) := x ξ(x) for any ξ ∈ C c (R). Then U n DU * n ξ = e n Dξ, so that z(n) := e −n/2 1, p(n) = e −n 1 = q(n) 2 , and ϑ(n) = e −n/2 . As before, Hypothesis 3.1 and 2.3 are satisfied. The modular-type twisted spectral triple of Theorem 2.4 is then given by the following operators:
( D ξ )(n)(x) = e −n x ξ(n)(x), and (T c 1 , c 2 ξ )(n)(x) = (c 1 + c 2 e −n ) ξ(n)(x).
We check now that this twisted spectral triple is also 2-summable. As in the proof of Lemma 5.3, using (2. Let a n (s) := e −n (1 + (c 1 + c 2 e −n ) 2 ) (1−s)/2 . For n → +∞, a n (s) ∼ e −n (1 + c 2 1 ) (1−s)/2 , so that n≥0 a n (s) < ∞ for any s ∈ R. For n → −∞, a n (s) ∼ e |n| c 1−s 2 e |n|(1−s) = c 1−s 2 e |n|(2−s) , so that n≤1 a n (s) < ∞ iff s > 2.
This example shows that the spectral dimension of a original spectral triple can increase under the action of a single automorphism (via Z), so our extension procedure can be applied to dynamical systems.
The conformal group of a Riemannian manifold
Let us consider the situation of Case 2.2: let (M, g) be a n-dimensional smooth and complete Riemannian spin manifold where g is a given metric on M and let [g] be the class of metrics conformally equivalent to g. We do not assume that M is compact for the moment. Let Conf(M, [g]) be the conformal group of smooth diffeomorphisms of M which preserve the class [g] and the orientation. When n ≥ 3, Conf(M, [g] ) is a Lie group for the compact-open topology which is of dimension less or equal to (n + 1)(n + 2)/2 by theorems of Montgomery and Kobayashi: it is the automorphism group of the conformal structure of M which is a G-structure of finite type [21, I. Theorem 5.1 and IV. Theorem 6.1].
A subgroup K of Conf(M, [g] ) is said to be essential if there exists no h ∈ C ∞ (M) such that K ⊂ Iso(M, e 2h g) where Iso(M, g) is the group of isometries of M for the metric g. By a theorem of Ferrand-Obata [16] , for n ≥ 2, if M is not conformally equivalent with S n (with standard metric when M is compact) or R n (with Euclidean metric when M is not compact), then G acts properly on M (implying that G is compact when M is compact) and it is inessential. When M is not compact, the conformal group is inessential if it is equicontinuous.
As For φ ∈ G and f ∈ A, one has also
Since (r, x) ∈ G op × M → φ r (x) ∈ M is smooth, the function (r, x) ∈ G op × M → h φr (x) is smooth.
In particular, the twist β defined by If this is not the case, then there exists ǫ > 0 and sequences r n ∈ G op and x n ∈ M such that r n → r and |p(r n )(x n ) − p(r)(x n )| > ǫ. But, by the compactness of M, we can suppose that x n → x ∈ M, and then, by continuity of (r, x) → p(r)(x), one gets lim n→∞ |p(r n )(x n ) − p(r)(x n )| = 0 and a contradiction. The same argument applies to q and q −1 . By Lemma 5.6, the map r ∈ G op →f(r) h φr ∈ A belongs to A, which proves (2.7), and (2.8) is trivially satisfied for Mf ,h = sup r∈Supp(f ) sup x∈M |f (r)(x) h φr (x)|.
So, when M is compact and G is the spin structure preserving conformal group of (M, g), Hypotheses 2.3 (or 3.1) are fulfilled and one can use Theorem 2.4 (or Corollary 3.4).
The fact that the group G is essential or not is directly related to the cocycle property (5.7) of h : φ ∈ G → h φ ∈ C ∞ (M):
Proposition 5.8 G is inessential if and only if the class of q (resp. p) in H
Proof The proof is an adaptation of [2, Proposition 2.2] in our context.
If G is inessential, there is a metric g 0 = e λ g ∈ [g] such that φ * g 0 = g 0 for any φ ∈ G, with λ ∈ C ∞ (M). Then, for any r ∈ G op , φ * r g = φ * r (e −λ g 0 ) = α r (e −λ )g 0 = α r (e −λ )e λ g, so that e −4h φr = e λ α r (e −λ ). This shows that q(r) = e nλ/4 α r (e −nλ/4 ) and p(r) = e λ/2 α r (e −λ/2 ), which means that they are both coboundaries in Z 1 (G, C ∞ + (M)). From the computation above, it is obvious that if p is a coboundary if and only if the q is a coboundary. So, let assume that p is a coboundary in Z 1 (G, C ∞ + (M)): p(r) = e λ/2 α r (e −λ/2 ) for some e λ/2 ∈ C ∞ + (M). This parametrization gives e −4h φr = e λ α r (e −λ ) as before. Then, defining g 0 := e λ g ∈ [g], the previous computation shows that φ * g 0 = g 0 for any φ ∈ G, so that G is inessential.
Perspectives
One of questions left open is a better control of this notion of summability for the extended spectral triple. This seems linked to the modular operator and a good notion of non unital modular spectral triples has to be settled down before.
In the case of the C * -algebra of a semidirect group, it is probably possible to do the same construction with a twisted convolution product instead of the product (2.3) where the twist is given by a 2-cocycle valued in the circle, see [4, II.10.7.4] .
We expect that most of our construction could be transferred to (compact) quantum groups. See also [28] for a different approach.
